Abstract. This paper is concerned with the relationship between contexts, closure spaces, and complete lattices. It is shown that, for a unital quantale L, both formal concept lattices and property oriented concept lattices are functorial from the category L-Ctx of L-contexts and infomorphisms to the category L-Sup of complete L-lattices and suprema-preserving maps. Moreover, the formal concept lattice functor can be written as the composition of a right adjoint functor from L-Ctx to the category L-Cls of L-closure spaces and continuous functions and a left adjoint functor from L-Cls to L-Sup.
Though it is possible to show that B, P are both functorial from Ctx to Sup in a direct way, we will establish the functoriality of B, P by help of closure spaces. The benefit of doing so is that we will obtain decompositions of the functors B and P, these decompositions are helpful for further investigation on these functors and the interrelationship between contexts, closure spaces, and complete lattices.
Let X be a set, a closure operator is an order-preserving map c : 2 X −→ 2 X on the powerset of X such that A ⊆ c(A) for all A ⊆ X and c•c = c. The pair (X, c) is called a closure space, a subset A ⊆ X is closed if A = c(A). A map f : (X, c) −→ (Y, d) between closure spaces is continuous if f (c(A)) ⊆ d(f (A)) for each subset A of X. The category of closure spaces and continuous maps is denoted by Cls.
Given a context (X, Y, R), both R ↓ • R ↑ and R ∀ • R ∃ are closure operators on X. The correspondence (X, Y, R) → (X, R ↓ • R ↑ ) defines a functor U : Ctx −→ Cls which has a left adjoint. Given a closure space (X, c), the set c(2 X ) of all the closed subsets of (X, c) is a complete lattice. The correspondence (X, c) → c(2 X ) defines a functor T : Cls −→ Sup which has a right adjoint.
For each context (X, Y, R), T •U (X, Y, R) is isomorphic to the formal concept lattice B(X, Y, R). Hence B is functorial from Ctx to Sup, and it is the composition of a right adjoint functor U : Ctx −→ Cls and a left adjoint functor T : Cls −→ Sup.
The property oriented concept lattice functor can also be written as a composition of a functor V : Ctx −→ Cls and the functor T : Cls −→ Sup.
All the conclusions stated above will be proved in a much more general setting in this paper. The theories of formal concept lattices and property oriented concept lattices have been generalized to the fuzzy setting [6, 11, 12, 13, 17, 21, 26] . We shall prove the L-version of the conclusions stated above for a unital quantale (L, &).
The contents are arranged as follows. Section 2 recalls some basic notions of quantales. Section 3 introduces the categories considered in this paper: the category L-Ctx of L-contexts and infomorphisms, the category L-Sup of complete L-lattices and suprema-preserving maps, and the category L-Cls of L-closure spaces and continuous maps. An adjunction between L-Cls and LSup is given in Section 4. Section 5 presents an adjunction between L-Ctx and L-Cls. In Section 6, it is demonstrated that both the formal concept lattices and property oriented concept lattices of L-contexts are functorial from L-Ctx to L-Sup, and the formal concept lattice functor is the composition of a right adjoint functor and a left adjoint functor. And, if (L, &) has a dualizing element, then the property oriented concept lattice functor is the composition of the formal concept lattice functor following a functor L-Ctx −→ L-Ctx and vice versa. 
Quantales
Definition 2.3. [22] A Girard quantale is a quantale with a cyclic dualizing element.
A Girard quantale is necessarily unital since d → d is easily verified to be a unit element, where d is a cyclic dualizing element.
Throughout this paper, L always denotes a unital quantale and L c the conjugate of L if not otherwise specified. It is clear that L c = L when L is commutative.
For any set X, the set L X of maps X −→ L with the pointwise order is also a complete lattice. Furthermore, L X is a quantale with the binary operation & and , defined pointwisely.
3. L-contexts, complete L-lattices, and L-closure spaces For convenience of the readers, we recall here some basic notions of L-contexts, L-orders, complete L-lattices and L-closure spaces. Most of these notions have been defined in the literature, and some of them will be generalized slightly if needed.
L-contexts.
An L-context (or, a fuzzy context) is a triple (X, Y, R), where R is an L-relation from X to Y . There are different approaches to morphisms between L-contexts, and the reader is referred to [8, 9, 10, 15, 16, 20, 25, 28] for a discussion in the case that L = 2 = {0, 1}. In this paper, we are concerned with only one kind of morphisms between L-contexts, namely, that of infomorphisms.
An
The category of L-contexts and infomorphisms is denoted by L-Ctx.
Remark 3.1. The category L-Ctx is clearly the * -autonomous completion Set ⊥ of Set with ⊥= L (or equivalently, L-Ctx is the category of Chu spaces) in the sense of Barr [3] . Hence, L-Ctx is a complete and cocomplete category.
3.2.
Complete L-lattices.
2. An L-order (or, a fuzzy order) on a set X is an L-relation P : X × X −→ L such that (1) I ≤ P (x, x) for each x ∈ X (reflexivity); (2) P (x, y)&P (y, z) ≤ P (x, z) for all x, y, z ∈ X (transitivity); (3) if P (x, y) ≥ I and P (y, x) ≥ I then x = y (anti-symmetry). The pair (X, P ) is called an L-ordered set.
In an L-ordered set (X, P ), the value P (x, y) can be interpreted as the degree to which x is less than or equal to y. We abbreviate the pair (X, P ) to X and write X(x, y) instead of P (x, y) if there is no confusion. It is noteworthy to point out that L-ordered sets can be treated as categories enriched over the unital quantale L [14, 23, 24] .
Given an L-ordered set X, define a binary relation ≤ on X by x ≤ y ⇐⇒ X(x, y) ≥ I. Then ≤ is reflexive, transitive and anti-symmetric, hence ≤ is a partial order on X. The pair (X, ≤) is called the underlying ordered set of X, and will be denoted by
Let L-Ord denote the category of L-ordered sets and L-order preserving functions. It is clear that an L-isometry must be an injective function and surjective L-isometries are exactly the isomorphisms in L-Ord. (
, then an L-ordered set is exactly a generalized quasi-metric space [18] .
y is called the Yoneda embedding and y the co-Yoneda embedding.
Dually, the L-subset lb(µ) of lower bounds of µ is given by
If ub(µ) is represented by some a ∈ A, i.e.,
we say that a is a supremum of µ, and denote it by sup µ. Dually, if lb(µ) is represented by some b ∈ A, i.e.,
we say that b is an infimum of µ, and denote it by inf µ.
7. An L-ordered set A is a complete L-lattice if every L-subset µ of A has both a supremum and an infimum.
In order to give a simple characterization of complete L-lattices, we introduce the following.
there is an element a ⊗ x ∈ A such that for all y ∈ A,
there is an element a x ∈ A such that for all y ∈ A,
where and denote respectively the join and meet in the complete lattice A 0 .
In this case, f is called a left adjoint of g and g a right adjoint of f . Example 3.13.
(1) For any sets X, Y and function
The following propositions are proved in [17] when L is a complete residuated lattice, i.e., a commutative unital quantale in which the unit I is equal to the top element 1. The proofs are similar when L is a general unital quantale.
Proposition 3.14.
[17] Let A, B be complete L-lattices and f : A −→ B a function. Then the following are equivalent: 
Let A be a complete L-lattice and x ∈ A. Since A(x, −) : A −→ L is a right adjoint and
is a left adjoint, it holds that for each subset {y j : j ∈ J} ⊆ A,
where and denote the join and the meet in A 0 respectively. (1) f : A −→ B is a left adjoint if and only if f preserves supremum in the sense that
The category of complete L-lattices and suprema-preserving maps (i.e., left adjoints) is denoted by L-Sup.
L-closure spaces.
The notions of L-closure operators and L-closure systems in [5, 17] can be extended in a straightforward way to the setting that L is a unital quantale.
(ii) for all x ∈ C and a ∈ L, the cotensor a x belongs to C.
L-closure operators and L-closure systems are connected by the following proposition, and the proof is similar to the case that L is a complete residuated lattice [17] .
Proposition 3.20. Let A be a complete L-lattice, C a subset of A. The following are equivalent:
The above proposition establishes a bijection between L-closure operators and L-closure systems. Precisely, for an L-closure operator c : 
The category of L-closure spaces and continuous functions is denoted by L-Cls.
4. An adjunction between complete L-lattices and L-closure spaces
If L is a completely distributive lattice (as required in [29] ), then it is easy to see that the L-closure spaces considered in this paper are a special kind of L-closure spaces in [29] . In this case, the above lemma can also be obtained from Theorem 5.1 in [29] as pointed out by a reviewer.
Given a continuous function f :
is Lorder preserving, and the reverse inequality follows from (10) and the fact that d is an L-closure operator.
The above proposition gives rise to a functor Proof. Since f preserves supremum (Corollary 3.16), it holds that Proof. For each a ∈ A, since y(a) = y •sup •y(a) = c A •y(a), we get that y(a) is a closed L-subset of (A, c A ). Then it follows from the Yoneda lemma that the correspondence
. It is clear that ν A is surjective, hence an isomorphism. We leave it to the reader to check that {ν A } is a natural isomorphism from the identity functor on L-Sup to T • D.
X is given by I x (x) = I and I x (y) = 0 whenever y = x. In the following we show that η = {η (X,c) } is a natural transformation from the identity functor to D • T and it is the unit of the desired adjunction.
Step
where k : X −→ L X is given by k(x) = I x for all x ∈ X, and sup is the supremum operation in the complete L-lattice L X . The commutativity of the left triangle follows from η (X,c) = c • k. Since c : L X −→ A is a left adjoint, it preserves supremum, thus the right square commutes. The whole diagram is then commutative. For each µ ∈ L X , we have that
Secondly, we show that η
Step 2. η = {η (X,c) } is a natural transformation. Let f : (X, c) −→ (Y, d) be a continuous function, we must show that for all x ∈ X,
On one hand, 
. In other words,
the following composition of L-order preserving functions
We assert that f satisfies the requirement. Firstly, we show that f : A −→ B is a left adjoint. Indeed, f has a right adjoint g : 
Hence f g : A B and f is a left adjoint. Secondly, we show that f • η (X,c) (x) = f (x) for all x ∈ X. Since f : (X, c) −→ (B, c B ) is continuous, it follows that
for all x ∈ X. Hence,
for all x, y ∈ X. Then
for all x, y ∈ X and b ∈ B. Therefore,
for all x ∈ X and b ∈ B, and consequently f • η (X,c) = f . Uniqueness. Suppose h : A −→ B is a left adjoint that makes the diagram commute. For each µ ∈ A, since
it follows that
Therefore, h = f .
An adjunction between L-contexts and L-closure spaces
Let (X, Y, R) be an L-context, define a pair of operators
Then it is easy to see that (L
Proof. Consider the following diagram:
When L is a complete residuated lattice, the pair (R ↑ , R ↓ ) is introduced by Bělohlávek first and is called a fuzzy Galois connection [4, 6] .
The conclusion is contained in the following two lemmas.
Lemma 5.2. The left square of (11) Proof. Necessity is easy since for all x ∈ X, b ∈ B,
As for sufficiency, it holds that
for all µ ∈ L X and b ∈ B, hence the conclusion follows.
Lemma 5.3. Consider the right square of (11) . Then
Proof. Necessity is easy since for all x ∈ X, b ∈ B,
As for sufficiency, for all λ ∈ L Y and a ∈ A, we have that
thus, the conclusion follows. to the continuous function
Then we have the following
Proof. For all x ∈ X and λ ∈ d(L Y ), we have that
the conclusion thus follows.
From the above proposition we obtain a functor
Proof. By definition of the functor F ,
Since c(L X ) is closed with respect to meets and cotensors in L X , we obtain that
Proof. For each L-closure space (X, c), id X : (X, c) −→ U •F (X, c) is clearly continuous and {id X } is a natural transformation from the identity functor to U •F by the above lemma. Then it remains to show that for each L-context (A, B, R) and continuous function f :
is commutative. By definition, F (X, c) = (X, c(L X ), S) and U (h, g) = h, where S(x, µ) = µ(x). Thus, we only need to show that there is a unique function
is an infomorphism. This is easy since
for all x ∈ X and b ∈ B. This proves the existence of g. To see the uniqueness, suppose that
is an infomorphism. Then for all b ∈ B and x ∈ X,
As an immediate corollary of Theorem 5.6 and Lemma 5.5 we obtain that the category L-Cls is a coreflective subcategory of L-Ctx.
6.
The concept lattice functors 6.1. The formal concept lattice functor.
Given
. µ is called the extent and λ is called the intent. The set of all formal concepts of (X, Y, R) is denoted by B(X, Y, R).
Then B(X, Y, R) becomes an L-ordered set. The projection
is clearly an L-isometry. Since the image of π 1 is exactly the set of fixed points of the L-closure
is itself a complete L-lattice, called the formal concept lattice of (X, Y, R).
Similarly, the projection
is also an L-isometry and the image of π 2 is exactly the set of fixed points of the function
op (which will be denoted by
. Equation (12) shows that both
It should be noted that this definition of formal concepts of L-contexts is different from that in [12, 21] in the non-commutative case.
and
are isomorphisms and are inverse to each other. If we identify B(X, Y, R) with
, then the formal concept lattice B(X, Y, R) is the set of the closed L-subsets of the L-closure space (X, R ↓ • R ↑ ), i.e., B(X, Y, R) = T • U (X, Y, R). Since both T and U are functorial, the correspondence
which is called the formal concept lattice functor (or, the concept lattice functor based on formal concept analysis). Note that the functor B is the composition of a right adjoint functor U and a left adjoint functor T .
between complete L-lattices. Since F is a right inverse of U (Lemma 5.5) and A ∼ = T • D(A) for each complete L-lattice A (Proposition 4.4), the fundamental theorem [7] of formal concept lattices can be immediately extended to the non-commutative fuzzy setting as follows. ⊥ on C such that (−) ⊥ • (−) ⊥ = id, the identity functor on C. For each morphism f : 
⊥ commutes up to a natural isomorphism.
Proof. By definition, the functors (−)
is an isomorphism of complete L-lattices for each L-context (X, Y, R). We claim that η = {η (X,Y,R) } is a natural isomorphism from (−)
To this end, we must show that for each infomorphism (f, g) : (X, Y, R) −→ (A, B, S), the following diagram is commutative:
we only need to show that
This completes the proof.
6.2. The property oriented concept lattice functor.
It is easy to check that
. µ is called the object and λ is called the property. The set of all property oriented concepts of (X, Y, R) is denoted by P(X, Y, R). For (µ 1 , λ 1 ), (µ 2 , λ 2 ) ∈ P(X, Y, R), let
becomes an L-ordered set. The projection
is itself a complete L-lattice, called the property oriented concept lattice of (X, Y, R).
The projection
. Both
are isomorphisms and are inverse to each other. In order to see the functoriality of property oriented concept lattices, we present the following proposition first.
The proof is similar to that of Proposition 5.1, and is omitted here.
By virtue of Proposition 6.4 we obtain a functor V : L-Ctx −→ L-Cls that sends an infomorphism
If we identify P(X, Y, R) with R ∀ • R ∃ (L X ), then P(X, Y, R) = T • V (X, Y, R). Hence P is a functor from L-Ctx to L-Sup, the composition of V : L-Ctx −→ L-Cls and T :
The functor P : L-Ctx −→ L-Sup is called the property oriented concept lattice functor (or, the concept lattice functor based on rough set theory). P sends an infomorphism (f, g) : (X, Y, R) −→ (A, B, S) to the left adjoint f * :
between complete L-lattices.
In the following we discuss the relationship between the concept lattice functors B and P. If d ∈ L is a dualizing element, let ¬ l , ¬ r : L −→ L be defined by
For each set X, the functions ¬ l , ¬ r can be extended to L X pointwisely. In particular, the correspondence (X, It follows immediately from the above proposition and Theorem 6.1 that if L has a dualizing element, then every complete L-lattice is of the form P(X, Y, R) for some L-context (X, Y, R). The converse conclusion is also true under some mild assumptions. (1) 0 is a dualizing element, hence L is a Girard quantale. 
